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Abstract

This paper studies unbounded growth with infinite-horizon consumers whose dis-
count factors and instant utility functions are not assumed to be identical. The
Negishi-type planner becomes non-homogenous and as a consequence, different con-
sumer types may end up holding all wealth in the far future for different initial dis-
tributions of income. The main technical contribution is a turnpike theorem which
generalizes the global stability results of Kaganovich (1998) and Jensen (2003).
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1 Introduction

This paper studies heterogenous consumers in a framework with unbounded
growth. A general time-stationary technology set whose output is not re-
stricted by decreasing returns, is paired with a population of infinite-horizon
consumers whose discount factors and instant utility functions are not as-
sumed to be identical. A representative agent does not exist and equilibria
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will therefore depend on the initial distribution of income, differences in sav-
ings behavior, and other types of household heterogeneity.

Within this framework, the paper studies steady states (balanced growth equi-
libria) as well as the stability properties of these. The results may broadly be
divided into two groups: One concerns the global stability or turnpike proper-
ties of such balanced growth equilibria (BGEs). The other is concerned with
the connection between multiplicity of steady states and heterogeneity. From
a technical perspective, the two groups turn out to be very closely related as
we now attempt to explain.

Within the paper’s framework, a Negishi-type social planner (cf. Negishi (1960),
Bewley (1982)) will not correspond to a homogenous program except in very
special cases. Thus the model departs almost immediately from standard
unbounded growth models as investigated by Alvarez and Stokey (1998),
Kaganovich (1998), Jensen (2003), and many others. 1 The model also departs
from traditional growth theory in the more obvious sense that steady states
are not stationary but expansive. It can however be seen as an integration
of the two, i.e., of unbounded growth models and traditional intertemporal
equilibrium models in the tradition of Bewley (1982). Now, in the latter -
which from now on will be referred to as bounded growth models - the role of
consumer heterogeneity is well understood. One of its key properties is the
so-called Ramsey-conjecture: As time goes to infinity, a Negishi-type social
planner will place zero weight on any consumer whose discount factor is below
the highest discount factor in the population (Becker (1980), Boyd (2000)).
Thus one can identify a group of consumers who will eventually come to dom-
inate the economy in the sense that equilibria will approach those of a limit
economy consisting of these consumers alone. One implication of this is that
the set of steady states can be characterized independently of the initial dis-
tribution of income (Coles (1985), Yano (1998)). From a practical perspective
there is then no loss of generality in studying a reduced model featuring only
the consumers with the highest discount factor. Such a reduced economy give
rise to an additive and stationary social planner problem thus paving the way
for a frictionless integration with turnpike theory (Bewley (1982)).

As it turns out, none of the above is true in a setting with unbounded growth.
As we shall argue, the method by which one “reduces to agents with the same
savings behavior” becomes fallible, if not flawed. Balanced growth equilib-
ria depend explicitly on the long-run income distribution which in turn is a
function of the interest rate. The interest rate is, however, endogenous and
depends on the initial distribution of income. 2 In section 3 we shall exem-

1 In the applied literature such models have found very wide applications. An ex-
ample is in the debate about taxes’ influence on economic growth (cf. Stokey and
Rebelo (1995) and references therein).
2 This is in contrast to bounded growth models where the interest factor becomes
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plify these observations by considering an economy where a redistribution of
income at date 0 permanently effects the long-run income distribution, and
hence also the interest and growth rates. 3 By implication, there is no way to
reduce such an economy to a homogenous consumer model without a consider-
able loss of generality: Even if attention is restricted to steady states; different
steady states may be associated with different subsets of the consumers, hence
if one reduces to a homogenous program one implicitly chooses a steady state
and this steady state might never have been reached depending on the initial
distribution of income.

Given the observations in the previous paragraph, it is clear that when in
section 4 we investigate global stability, we must do so in all generality, i.e.,
without arbitrarily reducing to a homogenous program. The key here is that if
we assume that some group of consumers becomes sufficiently patient relative
to the rest (which is the usual turnpike condition, see Coles (1985)); then in
fact homogenous programming does apply as a good approximation. This then
brings us full circle with the main difference from the bounded growth model
being that there the most patient consumers will become dominant as time
passes quite independently of how patient this group is compared to everyone
else.

2 The Basic Set-up and Some First Results

This section integrates the, by now text-book dynamic equilibrium model of
Bewley (1982), Coles (1985), and others, with competitive unbounded growth
theory. The literature’s ruling assumption about the existence of a representa-
tive agent will be dismissed, leaving the framework of homogenous program-
ming (Alvarez and Stokey (1998)) in favor of heterogenous consumer equilib-
rium theory in the spirit of Arrow and Debreu.

equal to the inverse of the highest discount factor as time approaches infinity.
3 The main point is not, however, that there are multiple balanced growth equilibria
with different growth rates. That this can occur in unbounded growth models is
well known (see e.g., Ladron-de-Guevara, Ortigueira and Santos (1999)). The main
point is the first sentence after this footnote. Nor should this be confused with the
observation made by Boyd (2000) that it is misleading to identify “patience” with
the discount factor in the unbounded growth model. It might still be the case that
in the long run, the initial distribution of income has no effect on equilibria. Thus
in the one-good linear technology case studied by Boyd (2000): Although which
consumer group ends up dominating the economy depends on the technology; the
technology uniquely determines this group. In particular the initial distribution of
income is of no relevance from a long-run perspective and just as in the bounded
model one may as well consider an economy consisting only of a single consumer.
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Time is discrete, indexed t, and runs from date 0 into infinity. There are
N ∈ N goods at every date, and N c ≤ N of these are consumption goods.
All goods are reproducible. The agents are I ∈ N infinitely lived consumers
and an aggregate firm with constant returns to scale. A consumption plan for
consumer i ∈ I = {1, . . . , I} is denoted xi = (xi

t)
∞
t=0. y = (yt)

∞
t=0 denotes a

production plan. Finally, p = (pt)
∞
t=0, pt ∈ RN

++, denotes a price sequence, and
pc

t ∈ RNc
+ the first Nc coordinates of pt, which are indexed so as to correspond

to the consumption price vector. Consumers are assumed to have preferences
over the same subset of goods, {1, . . . , N c}, but this is of no importance for
the results.

Production

A feasible production plan is a sequence y = (yt)
∞
t=0, where yt = (−kt−1, zt)

∈ Y ⊂ RN
− ×RN

+ , all t. Y , the production set, describes how input vectors at
date t−1, kt−1, can be transformed into net-output, zt, at date t. At date zero,
the firm has a given endowment of outputs z0 � 0, which can be thought of
as produced by predetermined inputs at t = −1. 4

Consider a point (−k, z) ∈ ∂Y , where ∂Y denotes the set of points at the
boundary of Y . Denote the normal cone to Y at (−k, z) by N(−k,z)Y . 5 If Y
is convex, the normal cone is non-empty for all points at the boundary. Let
P (Y ) = ∪(−k,z)∈∂Y N(−k,z)Y , i.e., the set of vectors which generate supporting

hyperplanes for Y . Finally, let P̃ (Y ) = P (Y )∩S2N−1
+ , where S2N−1

+ = {(p, q) ∈
RN

+ ×RN
+ : ‖(p, q)‖ = 1} (S2N−1

++ = S2N−1 ∩R2N
++). The following assumption

is standard.

Assumption 1 Y is a closed, convex cone with vertex zero. (0, z) ∈ Y implies
that z = 0; there exists (−k, z) ∈ Y with z � 0, and if (−k, z) ∈ Y , then
(−k′, z′) ∈ Y whenever (−k, z) ≥ (−k′, z′). Finally, P̃ (Y ) is a closed subset
of S2N−1

++ .

Given a sequence of prices p = (pt)
∞
t=0, the firm’s set of maximizing production

plans is given by the supply correspondence:

ỹ(p) = arg max{
∞∑
t=0

pt(zt − kt) : (−kt−1, zt) ∈ Y all t ≥ 1, z0 � 0 given}(1)

Note that since Y is a cone, the supply correspondence is only well-defined for

4 Let x, y ∈ RN . x > y means that x ≥ y, x 
= y. x � y means that xn > yn, all
n = 1, . . . , N .
5 The normal cone to a point x ∈ X ⊂ RN is defined as NxX = {q ∈ R : qx ≥
qy for all y ∈ X}.
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those price sequences which yield finite maximum profit. Moreover, maximum
profit at prices p must equal p0z0 since firms cannot earn strictly positive
profit at any date.

Consumption

Consumers are represented by utility functions of the discounted type,

U i(xi) =
∞∑
t=0

δt
iu

i(xi
t) , (2)

where ui : X → R is the instant utility function, X = RNc
+ the consumption

set at all t, and δi ∈ R++ the discount factor. Consumer i holds an ownership
share in the firm θi ∈ [0, 1], and the consumers together hold claims to the
firm’s entire profit so θ = (θ1, . . . , θI) ∈ SI−1

+ ≡ {x ∈ RI
+ :

∑
n xn = 1}.

Let π(p) denote maximum profit obtained at prices p. It then follows that
the income of consumer i is: W i(p) = θiπ(p) = θip0z0. Note that θ can be
interpreted as the initial distribution of income. 6 Utility maximization leads
to the demand correspondence:

x̃i(p) = arg max {
∞∑

t=0

δt
iu

i(xi
t) :

∞∑
t=0

pc
tx

i
t ≤ W i(p) and xi

t ∈ X all t}

Again, this is not necessarily well-defined at this point: Even if W i(p) < +∞,
utility may become infinite, and the usual maximization criterion (based on
an underlying preference relation that does not order consumption plans with
infinite utility) will be employed throughout.

Let χn ∈ RNc
+ denote the (unit) vector with 1 on the n’th row and 0 everywhere

else.

Assumption 2 ui ∈ C2(RNc
++,R), i ∈ I, is strictly concave and increasing

(Dui(x) � 0, all x ∈ intX). Furthermore, if xn = 0, xm > 0 for all m 
= n,
then ‖Dxu

i(x + χnε)‖ → ∞ as ε → 0, n ∈ {1, . . . , Nc}.

Assumption 3 For every i ∈ I, there exits a positive, affine transformation
of ui which is homogenous of degree αi < 1.

6 That the distribution of income is implicitly assumed to be proportional is a
convenient assumption which is of no importance for the results. In stead we could
let each consumer receive part of the initial stock zi

0,
∑

i z
i
0 = z0, and then calculate

the distribution of income backwards from θi = p0zi
0

p0z0
.
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Assumption 2 is again a standard assumption in the growth literature (cf.
Bewley (1982)). Assumption 3 is standard in the unbounded growth literature
and is made to ensure the existence of a suitable generalization of balanced
growth equilibria as discussed further in the next section.

The preference relation underlying the utility function U i(x) =
∑∞

t=0 δtui(xt)
is invariant to positive, affine transformations of ui. Hence, under assumption
1, there is no loss of generality in assuming that ui is homogenous of degree
αi < 1. From now on this is therefore taken to be the case. Moreover, we adopt
the (abusive) terminology of saying that ui is homogenous of degree 0 if and
only if it is log-linear: ui(x) =

∑Nc
n=1 βi

n log(xn).

Equilibrium and the Social Planner Representation

Economies are parameterized by the initial stock, z0 ∈ RN
++, so an economy

is a list E(z0) = ((δi, u
i, θi)I

i=1, Y ; z0).

Definition 1 (p, (xi)i∈I ,y) is a competitive equilibrium for E(z0) if

(1) xi ∈ x̃i(p, W i) all i ∈ I, where W i = θiπ(p).

(2) y ∈ ỹ(p).

(3)
∑I

i=1 xi
0 = z0 − k0 and

∑I
i=1 xi

t = zt − kt, t = 1, 2, ....

The definition of a competitive equilibrium is completely analogous to the tra-
ditional intertemporal general equilibrium model’s definition (Bewley (1982),
Yano (1998)). The main difference is that the present economy’s set of fea-
sible consumption plans is not assumed to be uniformly bounded over time.
Moreover, primary resources do not enter explicitly in the above. 7 As in the
traditional case one can use the Negishi-approach (Negishi (1960), Bewley
(1982)) to study equilibria as solutions to an optimal growth problem. Thus
let an equilibrium price sequence, p, be given. By assumption 2, the Euler
conditions,

δt
iDui(xi

t) = ηip
c
t , t = 0, 1, 2, . . . (3)

must hold for consumer i = 1, . . . , I. η = (η1, . . . , ηI), is the vector of marginal
utilities of income (which is uniquely determined in an equilibrium). From η

7 That primary resources do not enter explicitly is a simplifying way of capturing
the central new growth postulate that no resource effectively bounds production.
For example labor enters production in the form of human capital which is subject
to accumulation without bounds. For more on this point see e.g. Dolmas (1996).
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define the social momentary utility function: 8

Uη
t (x) = max

x1,...,xI
{

I∑
i=1

η−1
i δt

iu
i(xi) :

I∑
i=1

xi = x, xi ∈ X} (4)

It is now easily verified that the aggregate competitive equilibrium allocation,
xt =

∑
i x

i
t, all t, coincides with the solution to the planning problem:

max
∞∑

t=0

Uη
t (xt)

s.t.

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xt ≤ zt − kt

(−kt−1, zt) ∈ Y, all t

z0 > 0 given

(5)

This is, of course, an optimal growth problem. Equivalently, it is the extensive
form of a dynamic programming problem. However, there are two fundamental
differences between (5) and homogenous programming problems as they arise
in representative agent models of unbounded growth (e.g. Alvarez and Stokey
(1998)). Firstly, even though ui is homogenous of degree αi for all i, Uη

t will
not be homogenous unless αi = α, all i. Secondly, Uη

t will not be stationary
- i.e., it will not be the case that Uη

t (x) = δtuη(x) - unless δi = δ for all i.
Finally, (5) depends, of course, on η and therefore only tracks competitive
equilibria to the extend that the marginal utilities of income are known. 9

Existence and Unbounded Growth

To prove existence of equilibrium a definition and a last assumption are
needed:

Definition 2 The maximum factor of expansion, λ∗ ∈ R+, is defined as the
largest value for which there exists (−k, z) ∈ Y with z − λ∗k ≥ 0 and z � 0.

Assumption 4 δiλ
αi∗ < 1, all i ∈ I, and ‖z‖ ≤ λ∗‖k‖ for all (−k, z) ∈ Y ,

where ‖ · ‖ may be any norm on RN .

8 If W i = 0, some i, then take η−1 = 0 (the social planner excludes zero income
consumers).
9 It should be noted that even if αi = α and δi = δ for all i, instant utility
function can differ and so heterogeneous consumers is not always in conflict with the
homogenous programming formulation (Alvarez and Stokey (1998), Jensen (2003)).
This is returned to in section 4.
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Under assumption 1, λ∗ will be well-defined. λ∗ is the maximum growth factor
which Y can support along a ray, since in at least one coordinate: zn

t =
λ∗kn

t−1 ≤ λt
∗k

n
0 , where the inequality follows recursively from market balance:

kn
t ≤ zn

t . Roughly put, assumption 4 places sufficient structure on (5) to make
it possible to conclude by the Weierstrass’ theorem that a solution exists for
an arbitrary choice of marginal utilities η. There are various ways to obtain
this result. One way is to use a variant of the argument in Dolmas (1996) who
considers the product topology in which compactness follows from Tychonoff’s
theorem. Another way is to observe that assumption 4 places the set of feasible
sequences in Sλ∗ = {z = (zt)

∞
t=0 : supt λ

−t
∗ ‖zt‖ < ∞}. 10 Sλ∗ therefore provides

a natural choice of commodity space. In either case continuity will follow
from the fact that the objective in (5) is bounded from above and below on
the feasibility set. As for the latter, this follows immediately from lemma 1
below. Boundedness from above arrives from the following: If αi > 0 then∑∞

t=0 δt
iu

i(xi
t) =

∑∞
t=0 δt‖xi

t‖αiui(
xi

t

‖xi
t‖), and since ‖xi

t‖ ≤ λt
∗C, C > 0, and

δiλ
αi∗ < 1, it follows that

∑∞
t=0 δt

iu
i(xi

t) ≤ ∑∞
t=0(δiλ

αi∗ )tui(
xi

t

‖xi
t‖) ≤ u < +∞.

If αi < 0 then U i(xi) =
∑∞

t=0 δt
iu

i(xi
t) =

∑∞
t=0 δt

i‖xi
t‖αiui( 1

‖xi
t‖xt) < 0, since

otherwise monotonicity would be violated (ui is homogenous). Finally, if αi = 0
one can transform U i(xi) to a homogenous of degree 1 function and modify
the first argument to reach the same conclusion.

Omitting the details on how to show compactness of the feasibility set, let us
simply take existence of a solution to (5) for arbitrary η as given. 11 As an
expression of the second theorem of welfare economics, the solution to (5) given
(η−1

1 , . . . , η−1
I ) will correspond to a competitive equilibrium for E(z0) when the

distribution of income (θ1, . . . , θI) is chosen such that W i = θip0z0 where pt =
DUt(xt), t = 0, 1, 2, . . . and W i =

∑∞
t=0 ptx

i
t.

12 Now let qi(η−1) =
∑∞

t=0 ptx
i
t −

θip0z0 (where pt = DUt(xt) as before). 13 qi(η−1) will be continuous, positively
homogenous of degree 1 and

∑
i q

i(η−1) = 0, and by use of assumption 2 it is

easy to show that qi(η−1)
ηi

, i ∈ I have all properties of standard excess demand
functions from finite dimensional economies. By a fixed point theorem on
inwards pointing vector fields (Border (1985), chapter. 18), then follows the
existence of a list of welfare weights such that qi(η′) = 0 all i. By construction,
this list of welfare weights will lead to a Pareto optimum where all consumers’
budget equations are satisfied, hence to a competitive equilibrium:

10 In market balance zt ≥ kt at all t, implying: ‖zt‖ ≥ ‖ − kt‖. By assumption 4:
‖zt+1‖ ≤ λ∗‖ − kt‖, so by the previous inequality, ‖zt+1‖ ≤ λ∗‖zt‖, and hence,
‖zt+1‖ ≤ λt∗‖z0‖; but then by market balance ‖xi

t‖ ≤ ‖zt‖ ≤ λt−1∗ ‖z0‖.
11 A detailed proof can be found in the working paper version of this paper.
12 xi, i = 1, . . . , I, can be recovered from x through (4) since ui, i = 1, . . . , I, are
strictly concave.
13 Again, if η−1

i = 0 (θi = 0) this (dead) consumer is excluded.
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Theorem 1 Let the previous assumptions be satisfied. Then there exists a
competitive equilibrium for all E(z0), z0 � 0.

The existence proof is a generalization of various results for the (representative
agent) optimal unbounded growth model (e.g. Dolmas (1996), Alvarez and
Stokey (1998)). The method of proof is natural in light of (5): To establish
existence for every possible list of welfare weights and then show that some
list of welfare weights corresponds to a competitive equilibrium (cf. Negishi
(1960)). The next result provides a further characterization of consumers’
demand in competitive equilibrium.

Lemma 1 For every consumer, i ∈ I, with positive income, W i > 0, the
consumption sequence satisfies the following “lower growth bound” in a com-
petitive equilibrium:

‖xi
t‖ > A[(δiλ)

1
1−αi ]t, t ≥ T (6)

where A > 0 and λ < λ∗ are chosen freely, but T ∈ N (generally) depends
upon their value.

Corollary 1 Assume that δi > λ−1
∗ , i ∈ I. Then ‖xi

t‖ → ∞ as t → ∞.

Proof: Given a production sequence y the firm’s profit will be
∑∞

t=0 pt(zt−kt).
In equilibrium this is equal to: η−1

i p0z̃0 + η−1
i

∑∞
t=0 δt

iDu(xt)(z̄t − k̄t), where
an upper bar selects the N c coordinates of the consumed goods, a tilde selects
the non-consumed goods, and ηi is the marginal utility of income of consumer
i. By definition, there exists (−k, z) such that −k + λ−1

∗ z ≥ 0 with z � 0.
Since Y is a cone, the firm can thus choose any λ < λ∗ and: −kt = −λtk,
zt = λtz, in Y , such that λ−1zt − kt � 0 for all t. A lower bound on profits

is thus: η−1
i

∑∞
t=0 δt

iDui(
xi

t

‖xi
t‖)‖x

i
t‖αi−1λt(−k̄ + λ−1z̄), where λ−1z̄ − k̄ � 0. But

by assumption 1, pt with ‖pt‖ = 1 is uniformly coordinatewise bounded from
below in equilibrium, and it follows that for some B > 0, profit is bounded
from below by: B

∑∞
t=0 δt

i‖xi
t‖αi−1λt. But firms cannot earn infinite profits in

equilibrium, so a contradiction will obtain unless: limt→∞ δt
i‖xi

t‖αi−1λt = 0, all
λ < λ∗. This implies that for λ < λ∗ given and arbitrary A > 0, there exists

T ∈ N such that when t ≥ T : ‖xi
t‖ > A[(δiλ)

1
1−αi ]t. The corollary follows

directly from the lemma since δi > (λ∗)−1 ⇔ (δiλ∗)
1

1−αi > 1. �

The corollary says that if a consumer’s discount factor is above the inverse
of the maximum factor of expansion, then consumption will grow without
bounds over time. It is a generalization of various isolated results in the lit-
erature (e.g. Jones and Manuelli (1990), Rebelo (1991), Dolmas (1996), and
Kaganovich (1998)). The lemma is a sharpening of this observation. It de-
scribes the minimum average speed of expansion as being a power process and
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relates this to each consumer’s preferences. Since the maximum speed of ex-
pansion is also a power process, λt

∗, this draws a broad picture of equilibrium
allocations as swinging within a band of relative growth rates.

As mentioned, the existence proof extends the framework of homogenous pro-
grams / unbounded optimal growth (e.g. Alvarez and Stokey (1998), Jensen
(2003)) to a framework with heterogenous agents. Since to the best of knowl-
edge, the heterogenous agent model of this paper has not been studied before
in the literature; the previous results are therefore all new from that per-
spective. From a technical perspective the methods used so far are entirely
standard, however.

3 Heterogeneity and Balanced Growth

Whenever a price sequence takes the form, pt = 1
(1+r)t p0, p0 � 0, it is said to

be balanced with interest rate r > 0. For a balanced price sequence the rate of
savings of consumer i is given by: 14

si(r) = (δi(1 + r)αi)
1

1−αi (7)

From the Euler conditions (3) and strict concavity of ui follows that if con-
sumer i faces a balanced price sequence and W i > 0, then the consumer’s
demand xi = (xi

0, x
i
1, . . .) will also be balanced:

xi
t = (1 + gi)

txi
0 (8)

As may be checked, gi will in turn be determined from the savings rate by:

1 + gi = si(r)(1 + r) (9)

Finally, relative demand is determined from (recall that ui and hence Dui are
homogenous):

Dui(xi
0) = ηip0 (10)

14 The savings rate at date T is: si
T =

∑∞
t=T

pc
tx

i
t− pc

T xT∑∞
t=T

pc
tx

i
t

. Let f i denote the in-

verse of Dui which exists by the implicit function theorem. From (3) then:

xi
t = δ

t
1−αi
i η

1
αi−1

i f i(pt), since f i is homogenous of degree 1
αi−1 . Insert to get:

si
T =

∑∞
t=T

δ
t

1−αi ptf i(pt)− δ
T

1−αi pT f i(pT )
∑∞

t=T
δ

t
1−αi ptf i(pt)

. Finally, insert pt = 1
(1+r)t p0, and reduce

to (7).
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For a given rate of interest, r > 0, the most patient consumer group is defined
via (7) as the set:

P(r) = {i ∈ I : si(r) ≥ sj(r), all j ∈ I} (11)

The correspondence P : R++ → 2{1,...,I} maps the interest rate into the subset
of consumers who share the highest rate of savings. si(r) will be a decreasing,
constant, or increasing function depending on whether αi < 0, αi = 0, or
αi > 0, respectively. As a trivial consequence, two consumer’s savings func-
tions, si(r) and sj(r), may intersect, and so it will typically be the case that
P(r) 
= P(r′) when r 
= r′. Note also that it is perfectly possible for a consumer
to have a higher rate of savings than another consumer, even though his dis-
count factor is lower. This observation is the topic of Boyd (2000) who shows
how changing the production set Y may lead to different consumers ending
up holding almost all wealth. 15 In this paper we shall consider the production
set as a given throughout (just as in the usual Arrow-Debreu model).

In the following it is convenient to make explicit mentioning of the income
distribution θ = (θ1, . . . , θI) ∈ SI−1

+ by denoting an economy E(z0, θ). θ is best
viewed as the initial distribution of income while at any given date T > 0, the
distribution of income will depend on past consumption. In the next definition
this distinction becomes explicit since it features what we call the long-run
distribution of income associated with a balanced growth equilibrium. This is
further explained after the definition.

Definition 3 ((x̃i)i∈I , (−k̃, z̃), p̃, g, r) is a balanced growth equilibrium with
long-run distribution of income θ̃ ∈ SI−1

+ if: g > 0, and xi
t = (1 + g)tx̃i, i ∈ I,

kt−1 = (1 + g)tk̃, zt = (1 + g)tz̃, pt = 1
(1+r)t p̃, t = 0, 1, 2, ... is a competitive

equilibrium for E(z̃, θ̃). The allocation ((x̃i)i∈I , (−k̃, z̃), g) associated with a
balanced growth equilibrium is called a balanced growth path.

A thing to notice is that a balanced growth equilibrium (BGE) is a limit
concept: If one considers an economy E(z0, θ) whose competitive equilibrium
converges to a BGE, then this BGE will be a competitive equilibrium for an
economy E(z̃, θ̃) where, in general, z̃ 
= z0 and θ̃ 
= θ (of course if E(z0, θ) begins
exactly in the steady state, then θ = θ̃ and z0 = z̃). While θ corresponds to
the initial distribution of income, θ̃ can consequently be interpreted as the
long-run distribution of income (associated with the BGE). To be precise, θ̃
will approximately be equal to the distribution of income which one measure

15 With unbounded growth this statement is a relative one: If all consumers’ discount
factors are above the inverse of the maximum factor of expansion then they will all
chose consumption plans which grow without bounds (lemma 1). Still, those with
the highest rate of savings will consistently save more, hence their share of the total
wealth stock will approach unity as time goes to infinity.
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at date t = T where T is sufficiently large for the approximation to be a good
one.

It follows immediately from (9) that g = gi for all i ∈ P(r). While si(r) may be
increasing, decreasing, or constant (see above), direct investigation of reveals
that si(r)(1 + r) unambigously will be an increasing function of r. From (9)
therefore follows that gj < g for all j 
∈ P(r) (where g is the common growth
rate of the most patient consumers). By comparison with definition 3 this
implies the following:

Lemma 2 If θi > 0 for all i, and a competitive equilibrium for E(z0, θ), con-
verges to a balanced growth equilibrium, ((x̃i)i∈I , (−k̃, z̃), p̃, g, r), with long-run
distribution of income θ̃; then it must be the case that θ̃i = 0 for all i /∈ P(r).

Lemma 2 is the unbounded growth model’s closest parallel to the Ramsey
conjecture of the bounded growth model. Roughly it says that only the most
patient consumers can be active in a BGE. Yet, while in a stationary state,
the set of most patient consumers are always those with the highest discount
factor, this set is endogenously determined here as will become clear from
the next result. 16 This result would appear to be new in the literature, and
it is clearly a quite practical result both from a technical and an applied
perspective because it gives a complete characterization of the set of balanced
growth equilibria.

Theorem 2 ((x̃i)i∈I , (−k̃, z̃), p̃, g, r) is a balanced growth equilibrium with dis-
tribution of income (θ̃1, . . . , θ̃I), θ̃i ≥ 0,

∑
i θ̃

i = 1, if and only if it satisfies
the following equations:

(1) 1 + g = s(r)(1 + r)

(2) x̃i = arg max {ui(x) : p̃x ≤ (1 − si(r))θ̃
ip̃z̃ and x ∈ X}, when i ∈ P(r),

and θ̃i = 0, hence xi
0 = 0, if i /∈ P(r).

(3) (−k̃, z̃) ∈ arg max{p̃z − (1 + r)p̃k : (−k, z) ∈ Y }.

(4)
∑I

i=1 x̃i = z̃ − (1 + g)k̃

Proof: In the appendix �

Theorem 3 There exists a balanced growth equilibrium.

The proof of theorem 3 is omitted, but the strategy is obvious in light of
theorem 2: To show existence of a solution to the system (1)-(4). As far as the

16 A stationary state corresponds to gi = 0 in (9). Thus, si(r) = (1+r)−1 ⇔ 1+r =
δ−1
i . It follows that 1 + r = mini δ−1

i in a stationary state, since otherwise some
consumers would choose gi > 0.
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latter is concerned, the next lemma (which will also be used in the example
below) takes us most of the way:

Lemma 3 The system (1)-(4) satisfies “Walras’ law”: p̃(
∑I

i=1 x̃i − z̃ − (1 +
g)k̃) = 0.

Proof: By monotonicity of ui each consumer will satisfy the “budget con-
straint”, p̃x̃i = (1 − si(r))θ

ip̃z̃, use that θi = 0 if si(r) 
= s(r) and sum to get:
p̃

∑I
i=1 x̃i = (1 − s(r))p̃z̃. Walras’ law can thus be written: p̃[(1 − s(r))z̃ + z̃ −

(1 + g)k̃] = 0. But by (1), 1+g
s(r)

= 1 + r so this becomes: p̃z̃ − (1 + r)p̃k̃ which
is the firms’ profit. Since Y is a cone this equals zero. �

As is well known, Walras’ law is helpful in showing existence of a solution
to the excess demand system (4). But equally important, it says that (1)-(4)
can be seen as a fictitious economy whose equilibria coincide with the set of
BGEs. The bounded growth model with heterogenous consumers has a par-
allel “fictitious economy”, which is used in that setting to show existence of
a stationary steady state (cf. Bewley (1982)). Besides from the obvious differ-
ence that the interest and growth rates are endogenous in the present setting
and semi-exogenous in the bounded setting (g = 0, r = δ−1, where δ is the
highest discount factor among the consumers); the central difference is that
the long-run distribution of income (θ̃1, . . . , θ̃I) is endogenously determined
in a dynamically BGE since it directly enters into the fictitious economy of
theorem 2. As explained at length in the introduction, this difference is of
consequence. And as the following example shows, there is in general no way
to isolate a “most patient” group of consumers and derive sound long-run
conclusions by studying this group in isolation.

Example 1 Consider an economy with two capital goods and one consump-
tion good: N c = 1, N = 2. The production side consists of two types of firms,
each of which has access to a Leontief-type activity vector. Type A firms can
choose plans, (−ko

t−1,−kh
t−1, y

o
t , y

h
t ) ∈ Y A, where (normalizing kh = 1):

Y A = {(k1, k2, y1, y2) = λ(0.85, 1, 1.5, 1.04), λ ≥ 0}
Type B firms can produce according to:

Y B = {(k1, k2, y1, y2) = λ(0.55, 1, 1.05, 1.07), λ ≥ 0}

There is free entry, so the production set, Y , is the convex cone:

Y = {(k1, k2, y1, y2) = αyA + (1 − α)yB, yA ∈ Y A, yB ∈ Y B, α ∈ [0, 1]}
First note that by “Walras’ law” (lemma 3), once the second market clears
in the sense of (4) of the fictitious economy, i.e., (∗) z2

0 = (1 + g)k2
0; the

first (consumption-investment good) market automatically clears. Take some
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level of the interest rate, r > 0, as given and consider the “long-run profit
maximization” condition ((3) of the long-run economy) together with (∗). It is
easily shown that if r < 0.18 or r > 0.46 then it is only profitable to operate
firms of type B when prices are such that firms of type B do not earn strictly
positive profits. If 0.18 < r < 0.46 the opposite is true: Only firms of type
A will produce since if these are to earn zero profits, type B firms will earn
negative profits. When r = 0.18 or r = 0.46 there is a continuum of relative
prices which support both firm types. Now note by (∗) that when only type A
firms operate, the growth factor 1 + g must be equal to 1.04. Similarly when
firms of type B produce, only then 1 + g = 1.07.

Taking r > 0 as given, (3) and (∗) now determine 1 + g, the growth factor,
uniquely.

Fig. 1. Balanced Growth Diagram

The piecewise linear curve in figure 1 depicts the resulting “production side
curve”.

The second curve is the “consumption side curve”, (1) of the fictitious econ-
omy: 1 + g = s(r)(1 + r). This derives from the following set-up: Take I = 2,
and ui(x) = 1

αi
xαi, i = 1, 2. Then take (δ1, q1) = (0.896,−3.86), (δ2, q2) =

(0.677, 0.76). By definition s(r) = maxi=1,2 si(r), where si(r) is the savings
function of consumer i as defined above. For each consumer we may draw a
similar curve: 1 + gi = si(r)(1 + r), or inserting si(r) and inverting: r =
δi(1 + gi)

1−αi − 1. The monotone curve in the figure is the lower envelope of
those two curves. For interest rates below 0.5 consumer 1 has the highest rate
of savings, so “his curve lies below” that of consumer 2 and is consequently
the one depicted in the figure. At r = 0.5 the curve has a kink and flattens
out to become almost horizontal. The reason is that for r > 0.5 consumer 2’s
savings rate is higher than consumer 1’s.

For every intersection between the two curves in the figure, there exists an
attainable balanced growth equilibrium. 17 As seen there are three such candi-

17 In terms of the system (1)-(4) above, only (2) is not obviously included in the
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dates, but the middle one where 1 + g = 1.055 can be shown to be dynamically
unstable (see Jensen (2002), appendix B, the argument of which carries over to
the present case). In the first stable BGE (r = 0.355 and g = 0.04), consumer
1 has the highest savings rate, so θ1 = 1, θ2 = 0: As the economy converges
to the BGE, consumer 2 vanishes relative to consumer 1. In the second stable
BGE (r = 0.503 and g = 0.07), consumer 1 vanishes and the corresponding
BGE has θ1 = 0, θ2 = 1. Note that δ1 > δ2, so not only does the consumer
with the highest factor of discount “loose” in this second stable BGE, the BGE
with the highest growth rate is associated with the consumer who places lowest
weight on future consumption / discounts more rapidly.

Most importantly, the example shows that varying the initial distribution of
income will affect the long-run distribution of income and hence the growth
and interest rate even though neither of the consumers is excluded from the
economy (i.e., is given zero income).

4 A Turnpike Theorem

From the viewpoint of homogenous consumer models (homogenous program-
ming), the conclusions of the previous section are discouraging. What exam-
ple 1 shows is that, unlike in bounded models, one can generally not view a
homogenous program as a convenient (approximate) representation of an un-
derlying heterogenous consumer model. Still, intuition suggests that if a group
of consumers becomes “sufficiently patient” relative to the rest, a homogenous
program based on this group alone should be a good approximation indepen-
dently of the initial distribution of income. Indeed this is so and this section’s
first objective is to formulate and prove a precise statement of this fact.

If for a subset Ĩ ⊂ I: δi = δ and αi = α < 1 all i ∈ Ĩ, Ĩ is called a savings
group. This term makes sense in the light of (7), since consumers in a savings
group will have the same savings rate for all interest rates. As long as N c > 1,
the consumers in such a group need not be identical, however. For example
let #Ĩ = 2, δ1 = δ2, and take: u1(x1, x2) = (x1)β1(x2)β2 , β1 + β2 = α < 1, and
u2(x1, x2) = [(x1)γ + (x2)γ]

α
γ . Even if all consumers are in the same savings

group, i.e., Ĩ = I, heterogeneity would still affect equilibria through relative
prices. In particular, varying the distribution of income will affect relative de-
mand in a BGE, hence also the growth rate (this is clear from the fictitious
economy of theorem 2 and examples to this effect are easily constructed).

curves. But since N c = 1, (2) says simply that p1
0x

1 = (1 − si(r))θip0z0, and this
equation has already been assumed to hold in the derivation of Walras’ law (they
imply each other given clearing of the first market and profit maximization).
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The results below concern the situation where the discount factor of some
savings group is varied but the initial stock, z0, and the initial distribution of
income, (θ1, . . . , θI), are kept fixed. To emphasize this, an economy will be de-
noted E δ(z0), where δ is the discount factor of the savings group focused upon.
The first result says that if the discount factor of a savings group becomes
sufficiently high (the group becomes sufficiently “patient”), then the social
planner problem corresponding to a competitive equilibria will eventually (as
t → ∞) depend only on preferences of consumers in this group. Effectively
then, the non-homogenous, non-stationary planner problem (5) will converge
to a problem which is homogenously stationary.

Lemma 4 Take an arbitrary savings group Ĩ ⊂ I with discount factor δ <
λ−α
∗ . Let U δ

t (xt) denote the social momentary utility function as defined in
(4). There exists δ̄ < λ−α

∗ , such that if δ ≥ δ̄, then for any feasible aggregate
consumption sequence, (x0, x1, x2, . . .):

18

| U δ
t (xt) − δtuδ(xt) |→ 0 as t → ∞ (12)

where uδ is given by:

uδ(x) = max
∑

i∈Ĩ

η−1
i ui(xi)

s.t.
∑

i∈Ĩ

xi = x
(13)

and ηi is the marginal utility of income of consumer i ∈ Ĩ.

Proof: In the appendix. �

As the reader who is familiar with turnpike theory will notice, the condition
of lemma 4 that a group of consumers must be “sufficiently patient” is known
from the bounded growth model to imply the convergence of the equilibrium
allocation to a steady state (Bewley (1982), Coles (1985), Yano (1998)). As
we shall next (theorem 4), the same turns out to be true in the unbounded
growth model. The results to follow are neighborhood results, i.e., they pre-
dict convergence into a suitable neighborhood rather than convergence in the
asymptotic sense. With stronger assumptions on the production set Y , this
can be strengthened to asymptotic convergence. 19 Further discussion of the
results follows after the statements.

18 The following result may be strengthened to say that U δ
t converges to uδ in the

uniform C1 topology on feasible aggregate consumption sequences.
19 See Jensen (2002), the argument of which is easily adapted to the present situation
along the lines of the proof of theorem 4.
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Theorem 4 (Dual Stability) Take an arbitrary savings group Ĩ ⊂ I with
homogenous of degree α < 1 instant utility functions and discount factor δ <
λ−α
∗ . Let (θ1, . . . , θI) � 0 be any initial distribution of income and consider

the economy E δ(z0).

For all α > 0 there exists some value δα < λ−α
∗ and T ∈ N0 such that if

δ ≥ δα, then, independently of z0 � 0, any competitive equilibrium allocation
of E δ(z0) is supported by a price sequence, p = (pt)

∞
t=0, for which:

‖p̂t − p‖ ≤ α, all t ≥ T (14)

Where p̂t = 1
(1+r)t pt, and r and p are the interest rate and price vector of a

balanced growth equilibrium of E δ(z0) with p normalized such that ‖p‖ = 1.

Proof: In the appendix. �

In words, theorem 4 says that if we fix a savings group and increase this
group’s discount factor δ such that the group places sufficiently strong weight
on future consumption; then eventually the economy’s prices will be close
to those of a BGE. The intuition is as follows: When δ becomes sufficiently
high for some savings group, we know from lemma 4 that the Negishi-type
planner’s problem will approximate that of this group alone. This statement
is independent of the initial distribution of income. Raising δ is the same as
placing relatively stronger weight on future consumption. In an environment
with unbounded growth, the growth rate is a good “proxy” for future con-
sumption: If one places a lot of weight on the future, the relative allocation
of consumption within periods becomes of secondary importance compared to
the scale (which is determined by the growth rate). The deep insight of turn-
pike theory is the observation (first made by Dorfman, Samuelson and Solow
(1958), chapter 11, see also McKenzie (1976)) that the steady states are in this
connection “the single most efficient way for the system to grow” (Dorfman et
al., op.cit., p.11). Hence the system will be attracted to a steady state, which
here means a balanced growth path (whose supporting prices are exactly those
of theorem 4). 20 Mathematically, the previous observations translate into a
value loss and Liapounov function, respectively. The interested reader should
consult the proof for details.

Corollary 2 (Neighborhood Turnpike) For α > 0, take δα and T as in

20 Note that based on this intuition we would expect that in the limit as δ → λ−α∗ ,
consumers simply seek to maximize the growth rate. And this is indeed true as can
be seen already from lemma 1 by choosing δi = δ = λ−α and letting λ → λ∗ (recall
that λ∗ is the maximum factor of growth).
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theorem 4. Then, if δ ≥ δα:

‖cix̂
i
t − x̃i‖ ≤ α (15)

for all t ≥ T , where ci is a positive constant, x̂t = (1 + gi)
−txi

t, t = 0, 1, 2, . . .,
1 + gi = si(r)(1 + r), x̃i solves p̃c = Dui(x̃i), i ∈ I, and r and p̃c are those of
the balanced growth equilibrium of theorem 4.

Proof: The corollary follows immediately from (7), (8), and (9), and the Euler
conditions, ηip

c
t = Dui(xi

t), t = 0, 1, 2, . . ., since Dui is a continuous, invert-
ible function. �

The previous results are normally referred to as “dual” theorems (Yano (1998))
since they concern prices and consumption plans, not production plans. In or-
der to ensure that production plans also converge to the neighborhood of a
BGP; stronger assumptions are necessary in order to rule out certain cyclic
patters. We shall not go into the details but refer the reader to Yano (1998)
and Jensen (2003).

The first turnpike theorem in an unbounded growth set-up with a Ramsey-
type objective is that of Kaganovich (1998). Kaganovich considers the case
with a representative agents and a production set which exhibits no joint
production. Jensen (2003) considers an arbitrary production set, in particu-
lar joint production is allowed. 21 Theorem 4 can be seen as an integration
of these representative agent results with intertemporal general equilibrium
theory (Bewley (1982), Coles (1985)). Alternatively, theorem 4 can be seen
as an independent result addressing non-homogenous programs by showing
that, under certain circumstances, they will approach homogenous programs
as time goes to infinity. As the proof shows, this is a non-trivial extension of
existing results.

5 Concluding Remarks

Throughout the previous sections, a central theme was that with unbounded
growth the long-run distribution of income is endogenous in a fundamen-
tal way: Different initial distributions of income generally lead to different
balanced growth equilibria with different associated long-run distributions of
income. This should be compared with the bounded growth model (Bewley

21 But the cost is that the results become dual neighborhood results. To what ex-
tend asymptotic convergence can be ensured without excessive assumption on the
production technology (such as Y being a strictly convex cone as assumed in Jensen
(2002)) remains an open question.
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(1982), Yano (1998)), where the consumers with the highest discount factors
eventually will end up holding all wealth, and so the long-run distribution of
income is exogenous for all practical purposes.

Of course, an equilibrium need not converge into the neighborhood of a bal-
anced growth equilibrium (BGE) in the first place, a topic which the turn-
pike theorem of section 4 sought to address. If a group of consumers places
sufficiently high weight on future consumption, then equilibrium prices will
eventually be in the neighborhood of a balanced price “turnpike”.

Importantly, in a BGE only preferences of those consumers who are among the
most patient will influence market prices (see section 3). But this observation
is the closest parallel to the Ramsey conjecture which the unbounded growth
model has on offer.

Imagine an economy along the lines of this paper but with two countries
each of which is described by a representative consumer. One country’s agents
happen to be relatively less patient than the other country’s at the ruling world
rate of interest. The faster growing country will then completely determine
relative world market prices including prices in the relatively less developed
country. What example 1 of section 3 shows is that in such a situation, a
redistribution of resources may turn the situation around so that the less
developed economy becomes the faster growing one and remains so indefinitely
because the economy converges to a new BGE where it determines market
prices.

I believe that this two-country story points to possibilities which make worth
the effort of studying heterogenous consumers in the unbounded growth sce-
nario. The mathematics used is, occasionally, somewhat involving, but it does
lead us to conclusions which the representative agent set-up is completely in-
capable of addressing. As such, I hope that the results have contributed to
an understanding of heterogeneity which makes future research on the topic
appealing. In particular, it might be interesting to construct better and more
intuitive examples of “unequal” growth and try to test some of the implica-
tions empirically.

A Proof of theorem 2

The proof is based on two lemmas.

Lemma A.1 A solution to the fictitious economy (1)-(4) for which s(r) < 1
is a competitive equilibrium, hence a balanced growth equilibrium.
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Proof: As explained in section 3, given a balanced price sequence, pt = 1
(1+r)t p̃,

(8)-(10) are equivalent to the infinite sequence of Euler conditions of consumer
i. By (8) and (9): (10) and the budget condition,

∑
t ptx

i
t = W i = θip̃z0 are

therefore necessary and sufficient for xi
t = (1 + gi)

tx̃i to solve the consumer’s
problem where gi is given by (9). The problem (2) in the theorem, has an
interior solution if θi > 0. Otherwise the solution is x̃ = 0. In the former case
the first order condition,

Dui(x̃i) = αip̃ (A.1)

must hold. But if budget balance also holds which, inserting what is known so
far, is the case if and only if,

∑
t

(1 + gi)
t

(1 + r)t
p̃x̃i = θip̃z̃ (A.2)

then αi must be equal to ηi (the marginal utility of income). Thus if (A.2)
holds, the balanced consumption sequence solves the consumer’s infinite hori-
zon maximization problem. But by (9): gi

1+r
= si(r), hence if si(r) < 1, (A.2)

is equivalent to the budget condition of the problem (2): p̃x̃i = (1− si(r))θ
ip̃z̃.

The firm will maximize profits at date t if it maximizes ptz−pt−1k, over those
(−k, z) ∈ Y . Inserting pt = 1

(1+r)t p̃, and canceling out, (3) results. Given a

solution, (−k̃, z̃), at date 0, say, it is clear that when prices are balanced, for
any λ > 0: λt(−k̃, z̃) ∈ Y will maximize profits at date t (Y is a cone, and
profits is zero).

Finally, since either θi = 0 and then x̃i = 0, or the above description applies,
in particular g = gi, all i ∈ P(r); picking the expansion factor of the firm, λ
equal to g, market balance at date t reads: (1+g)t ∑

i x̃
i = (1+g)tz̃+(1+g)t+1k̃

which is equivalent to (4) (at all t).

The previous construction explicitly verifies the individual parts of the defi-
nition of a competitive equilibrium, and since the equilibrium is balanced and
attainable the proof is finished. �

Lemma A.2 si(r) ≥ 1, some i ∈ I, is impossible in an attainable balanced
growth equilibrium.

Proof: If si(r) ≥ 1, some i ∈ I, then si(r) ≥ 1 for some i ∈ Ĩ. By (1) this im-
plies that 1+g ≥ 1+r. By (3) then: p̃z̃−(1+r)p̃k̃ = 0 ⇒ p̃[z̃−(1+g)k̃] ≤ 0. But
by (4): z̃−(1+g)k̃ ≥ 0, and since p̃ � 0 (assumption 1) then z̃−(1+g)k̃ = 0.
From (4) therefore,

∑
i x̃

i = 0 all i, which is a contradiction. �
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Lemma A.1 says that a solution to (1)-(4) for which θi > 0 if and only
if i ∈ P(r) is a BGE provided that the solution has s(r) < 1 (since then
si(r) < 1 for all i). Conversely, take an arbitrary BGE. It is straight-forward
to show that (1), (3), and (4) will hold (the argument in the proof of lemma
A.1 consists of equivalent statements). Hence si(r) < 1, all i since the proof
of lemma A.2 uses only (3) and (4) (and the trivially satisfied x̃i ≥ 0). Using
this also (2) can be derived by the argument of lemma A.1, and theorem 2
has been proved.

B Proof of lemma 4

Consider the social maximization problem at date t, slightly rewritten (but
equivalent):

U δ
t (x) = δt‖x‖α max

I∑
j=1

η−1
j (

δj

δ
)t‖x‖αj−αuj(

1

‖x‖xj)

s.t.
I∑

j=1

xj = x

(B.1)

First consider a consumer j with αj > α, αj > 0. Since the maximum factor of
expansion λ∗ bounds consumption growth in a norm ‖·‖ by assumption 4 (see
the argument just after the assumption), and ui( 1

‖x‖x
j) is bounded from above,

there exists A > 0 such that: η−1
j (

δj

δ
)t‖x‖αj−αuj( 1

‖x‖x
j) ≤ Aη−1

j (
δj

δ
)tλ

t(αj−α)
∗ =

Aη−1
j [

δjλ
αj
∗

δλα∗
]t. But by assumption 4, δjλ

αj∗ < 1, hence there exists δ1, such

that if δ > δ1, then δλα
∗ < 1 while δjλ

αj∗ < δλα
∗ . For such a δ therefore:

[ δjλ
αj
∗

δλα∗
]t → 0 as t → ∞. If αj > α, but αj < 0 (thus necessarily α < 0)

then: 0 ≥ η−1
j ( δj

δ
)t‖x‖αj−αuj( 1

‖x‖x
j) ≥ η−1

j ( δj

δ
)t‖xj‖αj−αuj( 1

‖xj‖x
j). Surpassing

the details (see e.g. Jensen (2002), appendix C), it may be shown that the
individual feasibility sets can be restricted to such sets for which 1

‖xj‖x
j is

uniformly coordinatewise bounded from below. Note the intuition: The planner
will not choose such plans because social utility would approach −∞. This
implies the conclusion since then uj( 1

‖xj‖x
j) is bounded from below. If αj = 0,

transform the objective with exp(·) to get a homogenous function and use
one of the previous arguments. Finally, for consumers with αj ≤ α, ‖x‖αj−α

is clearly bounded from above provided that ‖x‖ is bounded from below. So

again δ may be picked sufficiently large such that (
δj

δ
)t → 0, as t → ∞.
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C Proof of theorem 4

Pick an initial stock z0 � 0, and an initial distribution of income (θ1, . . . , θI) �
0 and keep these fixed throughout. The discount factor δ < λ−α

∗ will be varied
it is convenient to denote the economy by E δ. Define,

Ut(x) = max{
I∑

i=1

η−1
i δt

iu
i(xi) :

I∑
i=1

xi = x}

and,
Vt(x) = max{∑

i∈Ĩ

η−1
i δtui(xi) :

∑

i∈Ĩ

xi = x}

It has been shown that if δ is picked sufficiently close to λ−α
∗ then for all ε > 0,

there exists T ∈ N such that t ≥ T implies that | Ut(xt) − Vt(xt) |< ε, when
xt lays in the feasibility set Xt = {x ∈ RNc

+ : ‖x‖ ≤ Aλt
∗}, some A > 0.

For the optimal growth problem with objective function
∑∞

t=0 Vt(xt) and pro-
duction set Y , there exists a balanced growth equilibrium by theorem 3. De-
note this by (x̃,−k̃, z̃, p̃, g, r). When we wish to stress the dependence on δ we
shall say that this BGE is induced by δ (g is the growth rate induced by δ,
etc.). Note that x̃ is aggregate consumption at date 0 of the consumers in Ĩ. To
simplify notation, set γx = 1 + g, and γp = (1 + r)−1. Note that the consump-
tion and price paths then can be written simply: x̃t = γt

xx̃ and p̃t = γt
pp̃. Let

Δ̃ = {δγα
x : δ < λ−α

∗ and γx is the rate of growth induced by δ}. ρ̂ = δγα
x is

called the implicit rate of discount associated with the balanced growth equi-
librium. By lemma 2 and the definition of s(r) (both are of course valid also

for the situation with the consumers in Ĩ): γx = s(r)(1+ r) = (δ(1+ r))
1

1−α ⇔
δγα−1

x = γp ⇔ ρ̂ = γpγx. Define,

ūt(x) = max{
I∑

i=1

η−1
i (

δi

δ
)tγ−αt

x ui(xi) :
I∑

i=1

xi = x}

and,
v̄t(x) = max{∑

i∈Ĩ

η−1
i γ−αt

x ui(xi) :
∑

i∈Ĩ

xi = x}

Clearly now | δtγαt
x ut(xt)− δt γαt

x vt(xt) |→ 0 as t → ∞ if δ is sufficiently large.
For a competitive equilibrium consumption plan, xt, t = 0, 1, 2, . . ., define x̂t =
γ−t

x xt and likewise for xi
t (where γx is the growth factor determined above).

Clearly then, ūt(xt) = ut(x̂t) ≡ max{∑I
i=1 η−1

i ( δi

δ
)tγ(αi−k)t

x ui(x̂i
t) :

∑I
i=1 x̂i

t =
x̂t}, and v̄t(xt) = v(x̂t) ≡ max{∑

i∈Ĩ η−1
i ui(x̂i

t) :
∑

i∈Ĩ x̂i
t = x̂t}. This leads

to the final version of the approximation result: For δ sufficiently large and
x̂t ∈ X̂t = {x ∈ RNc

+ : ‖x‖ ≤ A( γx

λ∗ )
t}, all t, some A > 0:

δtγαt
x | ut(x̂t) − v(x̂t) |→ 0 as t → ∞ (C.1)
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The idea of the turnpike proof is to compare value losses between ut and
the balanced growth equilibrium arising with objective

∑
t Vt(xt) described

above. Clearly, such a comparison generally does not lead to positive value loss
functions, since the aggregate consumption sequence of the balanced growth
equilibrium is associated with a different objective function (hence different
support prices) in the heterogenous consumer economy. Lemma 4 states, how-
ever, that when δ and t are sufficiently large, the social planner’s solution
is “approximately” the same whether Vt or Ut is used as the momentary so-
cial utility function. Therefore, since the balanced growth equilibrium of the
economy consisting only of the consumers Ĩ, is indeed superior in value to
all comparison paths for that economy; in the limit, the same result carries
over when comparing paths from the heterogenous consumer economy with
the facet. To use ut and v to define value losses, these need to be bounded for
fixed x over all δ ≤ λ−α

∗ , i.e., must have well-defined limits as δ → λ−α
∗ . The

next lemma solves this problem for v. The result is non-trivial.

Lemma C.1 Given δ consider ηi

ηj
(the relative marginal utilities of income

between two consumers i, j in a competitive equilibrium for E δ). There exists
A and B such that 0 < A ≤ ηi

ηj
≤ B < +∞, for all i, j ∈ Ĩ and δ < λ−α

∗ .

Proof: By strict concavity of ui, D2ui(x) has full rank. Consequently, an in-
verse function f i : RNc

++ → RNc
+ such that Dui(x) = y ⇔ f i(y) = x exists by

the implicit function theorem. By Euler’s law, Dui(x) is homogenous of degree
α − 1 < 0, hence: f i(y) = x ⇔ f i(λα−1y) = λx, i.e., f i is homogenous of
degree 1

α−1
. It may be checked that the latter claim is valid also when k = 0

(ui log-linear). Under the assumptions W i > 0, so the Euler conditions apply
and have a solution:

xi
t = η

1
α−1

i (δ−t‖pt‖) 1
α−1 f i(

pt

‖pt‖), t = 0, 1, 2, . . . (C.2)

Insert in the budget constraint,
∑

t ptx
i
t = W i, and isolate η

1
α−1

i :

η
1

α−1

i =
W i

∑∞
t=0(δ

−t‖pt‖k)
1

α−1 f i( pt

‖pt‖)
pt

‖pt‖
(C.3)

Take two consumers, i, j ∈ Ĩ, and divide the respective forms of the previous
expression:

(
ηi

ηj

)
1

α−1 =
W i

W j

∑∞
t=0(δ

−t‖pt‖k)
1

α−1 f j( pt

‖pt‖)
pt

‖pt‖∑∞
t=0(δ

−t‖pt‖k)
1

α−1 f i( pt

‖pt‖)
pt

‖pt‖
(C.4)
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W i

W j = θi

θj is obviously independent of δ. Even if consumers’ income were not
assumed proportional, for example by letting consumer i hold part of the initial
stock zi

0 � 0,
∑

i z
i
0 = z0, this term would be uniformly bounded from above

and below since p0 can be normalized to unit length. By assumption 1, P̃ (Y )
is a closed subset of S2N−1

++ , hence pt

‖pt‖ is uniformly coordinatewise bounded
from above and below. Therefore there exist, 0 < A < B < +∞ such that
A < f i( pt

‖pt‖)
pt

‖pt‖ < B and A < f j( pt

‖pt‖)
pt

‖pt‖ < B. Comparing with (C.4) this
implies the conclusion, since the summations can be canceled out after evalu-
ating upwards and downwards with A and B. �

Similarly to x̂t, define the “detrended” competitive equilibrium price sequence,
p̂t = γ−t

p pt. Then for a > 0 let:

La
t = −(ar−1p̂t − p̃)(ak̂t − k̃) (C.5)

and from this the Liapounov function

Lt = min
α≥0

L
α‖p̂t‖

1
1−r

t (C.6)

La
t is of course well defined for all t and ρ̂. In a moment it will be shown that

there exists T ∈ N0 such that t ≥ T implies La
t ≥ 0, all a > 0. Since therefore

La
t → +∞ as a → 0 or a → +∞ (compare with (C.5)), the minimizer of

(C.6) can be sought within a compact interval and Lt is then well-defined by

Weierstrass’ theorem. Finally, let αt be given implicitly by: Lt = L
αt‖p̂t‖

1
1−r

t

(the α that is a minimizer in (C.6)).

The value loss in (detrended) BGE prices is:

Ga
t = (ut(ax̂t) − p̃ax̂t) − (v(x̃) − p̃x̃) + a(p̃ẑt − ρ̂−1p̃k̂t−1) (C.7)

and measured in (detrended) competitive equilibrium prices:

Ĝa
t = (ut(ax̂t) − arp̂tx̂t) − (v(x̃) − ar−1p̂tx̃) − ar−1(p̂tz̃ − ρ̂−1p̂t−1k̃) (C.8)

Ga
t ≤ 0 and Ĝa

t ≥ 0, all a > 0 if t is sufficiently large. Indeed, multiply
throughout the value loss functions with δtγαt

x and note that by (C.1), for
t → ∞, the value loss converges to δtγαt

x times the value loss function with ut

replaced by v. But if ut is replaced by v in (C.7) and (C.8), the postulated
sign are simply expressing the fact that prices are supporting the detrended
allocation in the sense of a separating hyperplane theorem. For details the
reader is referred to Jensen (2002), appendix C, lemma 7. In conclusion, there
exists T ∈ N0 such that Ga

t ≤ 0 and Ĝa
t ≥ 0, for all a > 0 and t ≥ T . The next
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lemma is somewhat difficult to prove, because in the unbounded growth model
it cannot be used at this point that Lt is bounded (it is not necessarily well-
defined without the following result). Fortunately, the proof in Jensen (2003),
goes through without any substantial modifications because when considering
Ĝa

t+1 − Ga
t+1, the “problematic term” ut+1(ax̂t+1) cancels out.

Lemma C.2

ρ̂−1La
t − La

t+1 = Ĝa
t+1 − Ga

t+1 (C.9)

for all a > 0, t ∈ N0, and δ ∈ Δ. Moreover, there exists T ∈ N0 such that:

La
t ≥ 0 (C.10)

for all a > 0 and t ≥ T , in particular, Lt ≥ 0, when t ≥ T .

The next important step in the proof is to show that Lt is uniformly bounded
from above (by the previous lemma, it will eventually be uniformly bounded
from below by 0).

Lemma C.3 There exists (a uniform upper bound) L̄ > 0 such that Lt ≤ L̄
for δ < λ−α

∗ and all t larger than some T ∈ N0.

Proof: Since Lt ≤ La
t , for all a ≥ 0 (it is the minimum):

Lt ≤ −(αr−1 p̂t

‖p̂t‖ − p̃)(α(
1

‖p̂t‖)
1

r−1 k̂t − k̃) (C.11)

for all α ≥ 0. Normalize ‖p̃‖ = 1 and ‖k̃‖ = 1. By assumption 1, p̂t

‖p̂t‖ = pt

‖pt‖
is uniformly bounded from below, hence by the previous normalization there
exists a fixed α such that: αr−1 p̂t

‖p̂t‖ − p̃ ≥ 0, all t, δ. Since by the previous
lemma there exists T ∈ N such that La

t ≥ 0, for all a and t ≥ T :

Lᾱat
t ≤ (αr−1

t

p̂t

‖p̂t‖ − p̃)k̃ (C.12)

Under the previous normalization of k̃ this implies the conclusion of the lemma,
since all entries are then uniformly bounded. �

From this point on, the proof of the theorem runs exactly as in Jensen (2003).
Of course in each of the lemmas along the way the addition “for t ≥ T”,
where T ∈ N is needed. What is happening is intuitively the following: The
unbounded optimal growth problem with

∑
t Vt(xt) as objective has the turn-

pike property if δ ≥ δα, and α is the price neighborhood in the sense of (14).
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Moreover, this property (convergence into the neighborhood of a balanced
price sequence) hold independently of the initial stock z0 � 0 and the initial
distribution of income θ � 0. When considering the heterogenous consumer
case with δ sufficiently high in the sense of lemma 4; the value loss computed
from some date T and onwards converges to the value loss of the optimal
growth problem with objective

∑∞
t=T Vt(xt), Y as production set, and zT as

initial stock, where zT is the competitive equilibrium stock at date T . But
then, by the turnpike property’s independence of zT , the value losses must
be equal in the limit T = +∞. This is why the value loss lemma of Jensen
(2003) goes through; and once this is proved, it is straight forward to show
that the competitive equilibrium price sequence must visit the balanced price
sequence’s neighborhood at least once (visit lemma). At this point lemma 5.2
comes into play, because when the price vector is close to the balanced price
sequence, the Liapounov function is close to 0; and so also the value loss is
close to 0 by lemma 5.2 (this may sound obvious, but it is tricky to show it
in the unbounded growth set-up). Finally, this leads to the “trapping” of the
price sequence in the neighborhood, hence to the statement of the theorem.
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